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Transverse momentum dependent parton distribution functions are a key ingredient in
the description of spin and azimuthal asymmetries in deep-inelastic scattering processes.
Recent results from non-perturbative calculations in effective approaches are reviewed,
with focus on relations among different parton distribution functions in QCD and models.
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1. Introduction
TMDs contain so far unexplored information on the nucleon structure,1–4 and owing
to factorization5, 6 are accessible in leading-twist observables in deeply inelastic pro-
cesses,7–23 on which first data are available, such as SIDIS24–35 hadron production
in e+e− annihilations,36–38 Drell-Yan process.39–42 In order to be sensitive to “in-
trinsic” transverse parton momenta it is necessary to measure adequate transverse
momenta in the final state, for example, in SIDIS the transverse momenta Ph⊥ of
produced hadrons with respect to the virtual photon momentum.
The SIDIS process is characterized by 18 structure functions: eight leading, eight
subleading and two subsubleading in 1/Q. In Bjorken-limit for Ph⊥ ≪ Q, which
denotes the virtuality of the exchanged photon, the eight leading-twist structure
functions are described in one-to-one correspondence in terms of eight leading-twist
TMDs (and two leading-twist fragmentation functions).15 Two leading twist az-
imuthal SSAs measured27–30 in SIDIS off transversely polarized targets, A
sin(φ±φS)
UT ,
which received much attention, already give rise to a first rough picture of two novel
functions: transversity and Sivers function.43–49
However, one should not forget that the excitement about SSAs in SIDIS was
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initiated by observations of seizable longitudinal (target, beam) SSAs AsinφUL , A
sinφ
LU
which are subleading in 1/Q25, 26 and much more precise data are under way.35 In
spite of numerous efforts50–60 there is presently no fully satisfactory explanation,
what gives rise to these SSAs. In the case of the azimuthal asymmetry in unpo-
larized SIDIS AcosφUU on which final
24, 33 and preliminary34 data are available, the
situation is similar. The interpretation of subleading twist observables is more in-
volved, because (assuming factorization) the 8 subleading in 1/Q structure functions
receive contributions from 16(!) twist-3 TMDs (and further twist-3 fragmentation
functions).21, 22 Similar challenges will be faced when interpreting Drell-Yan data.23
In this situation information from models is valuable. But often models provide
insights on TMDs at low hadronic scales,60–72 and it is difficult to make reliable
estimates for SSAs at experimentally relevant scales.73 A particularly elegant way
of using models consists therefore in exploring relations among TMDs in models.
In QCD there can be no exact but at best approximate relations among quark
TMDs, see Sec. 2. In relativistic quark models, however, Lorentz-invariance implies
that certain relations among TMDs must exist, see Sec. 3. Of course, depending on
the model further relations among TMDs may also exist, as we will review in Sec. 4.
We present first results from bag model, see Sec. 5, before we conclude in Sec. 6.
2. Relations among TMDs in QCD
TMDs are defined in terms of light-front correlators with a process-dependent gauge-
link W19, 20 (we do not indicate the scale and flavor dependence for brevity)
φ(x, ~pT )ij =
∫
dz−d2~zT
(2π)3
eipz 〈N(P, S)|ψ¯j(0)W ψi(z)|N(P, S)〉
∣∣∣∣
z+=0, p+=xP+
(1)
by taking traces of (1) with γ-matrices. This yields linear combinations of TMDs
(the T-odd distributions are underlined)
twist-2: γ+, γ+γ5, iσ
j+γ5 → (f1, f
⊥
1T ), (g1, g
⊥
1T ), (h1, h
⊥
1L, h
⊥
1T , h
⊥
1 ) (2)
twist-3: γj, γjγ5, iσ
+−γ5 → (f
⊥, f⊥L ), (gT , g
⊥
L , g
⊥
T , g
⊥), (hL, hT )
1, γ5, iσ
jk γ5 → (e, e
⊥
T ), (eL, eT ), (h, h
⊥
T ) (3)
where space-indices j, k refer to the plane transverse with respect to the light-cone.
The γ-structures not listed above give rise to twist-4 objects.21
It was shown that there are 32 (twist-2, 3, 4) quark TMDs21 and that the unin-
tegrated correlator, i.e. (1) without constraints on z+ and p+, contains 32 indepen-
dent Lorentz structures: 12 Lorentz-scalar amplitudes Ai accompanying Lorentz-
structures constructed from the nucleon momentum P , nucleon spin S, and quark
momentum p; and 20 amplitudes Bi which arise by considering that the Wilson link
W provides a further Lorentz-vector n− characterizing the light-cone direction.
75
Thus, all TMDs are independent, there are no relations among them.21
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In first works the amplitudes Bi were not noted.
14, 15 This implied more TMDs
than amplitudes, giving rise to so-called ’Lorentz-invariance relations’ (LIRs). It
was later recognised that LIRs are not valid in QCD.74, 75 However, some LIRs hold
in a ’Wandzura-Wilczek-(WW)-type-approximation’,76, 77 see also App. A.
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Fig. 1. The SSA Asinφ
LU
vs. x. The data
are from CLAS,26 and the shaded area is
the contribution due to the chirally odd
twist-3 distribution function90 eq(x) and
the Collins fragmentation function47 H⊥
1
.
What WW-type-approximations have in
common with the classic WW-approximation,
gT (x) ≈
∫ 1
x
dx′g1(x
′)/x′,80 is that in both
cases QCD equations of motion are ex-
plored, and quark-gluon correlators and cur-
rent quark mass terms neglected, though the
nature of neglected operators is different. The
classic WW-approximation80 holds in parton
model,81–83 is supported by theory,84 and by
data with (15–40)% accuracy or better.85
WW-type-approximations were used in
literature78, 79 and, if satisfied within a rea-
sonable accuracy, could be helpful for analy-
ses of first data.76, 79 Interestingly, the beam
SSA AsinφLU is due to such quark-gluon (and mass) terms only. The effect is not large,
as expected in WW-type-approximation,76 but clearly non-zero,26, 35 see Fig. 1, pro-
viding direct insights into the physics of quark-gluon correlators.
3. Model-independent relations among TMDs in quark models
In the following ’quark model’ refers to an effective approach with quark (sometimes
also antiquark) degrees of freedom but no gluons. In such models there are no T-odd
TMDs, but one can describe T-even TMDs. Since in such models there is also no
gauge-link, it means that there are no Bi amplitudes, see Sec. 2.
Consequently, the LIRs discussed above must be valid in any quark model which
respects Lorentz-invariance, but has no gauge-field degrees of freedom. There are 5
LIRs among the 14 T-even (twist-2 and 3) TMDs, namely77
gT (x)
LIR
= g1(x) +
d
dx
g
⊥(1)
1T (x) , (4)
hL(x)
LIR
= h1(x)−
d
dx
h
⊥(1)
1L (x) , (5)
hT (x)
LIR
= −
d
dx
h
⊥(1)
1T (x) , (6)
g⊥L (x) +
d
dx
g
⊥(1)
T (x)
LIR
= 0 , (7)
hT (x, pT )− h
⊥
T (x, pT )
LIR
= h⊥1L(x, pT ) . (8)
The transverse moments g
⊥(1)
1T (x) =
∫
d2pT
p2T
2M2 g
⊥
1T (x, pT ), etc. are well-defined in
models (presuming adequate regularization, when necessary).
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4. Relations among TMDs in quark models
If in a relativistic quark model all 9 T-even amplitudes Ai in the Lorentz-expansion
of the correlator (1) happen to be different, this is the end of the story. Then, besides
the quark model relations (4)–(8) there are no further relations among TMDs.
However, several noteworthy model relations among TMDs were found, which are
supported in many64–70 though not all70 quark models. These model relations, unlike
(4)–(8) are not required to hold in a quark model because of Lorentz-invariance
or any other (apparent) symmetry. The fact they are supported in very different
approaches64–70 makes such relations interesting. Let us discuss three examples.
(i). The first example is the relation first observed in the spectator model64
g⊥q1T (x, pT )
model
= − h⊥q1L(x, pT ) . (9)
This relation has an appealing partonic interpretation: the ’polarization of trans-
versely polarized quarks in a longitudinally polarized nucleon’ is opposite to the
’polarization of longitudinally polarized quarks in a transversely polarized nucleon’.
Subtracting the LIRs (4) and (5) from each other, which hold in any consistent
quark model, see Sec. 3, and using (9) we arrive at the interesting conclusion that
gq1(x) − h
q
1(x) = g
q
T (x) − h
q
L(x). This means that in the class of models supporting
(9) the difference of the twist-3 distributions gT and hL is a ’measure relativistic
effects’ in the nucleon87 as is the difference of g1 and h1.
(ii). The second example, the ’pretzelosity’ relation first found in bag model,65
makes the last statement even more quantitative, namely
gq1(x, pT )− h
q
1(x, pT )
model
= h
⊥(1)q
1T (x, pT ) , (10)
i.e. pretzelosity’s (unintegrated) transverse moment h
⊥(1)
1T (x, pT ) =
p2T
2M2 h
⊥
1T (x, pT )
is just this ’measure of relativistic effects.’ What makes this function furthermore
interesting is the fact that it seems, at least in models, to be most directly related
to quark orbital momentum69 and moreover ’measures’ also the non-sphericity of
the transversal spin distribution in the nucleon.86
(iii). The third example is the remarkable non-linear relation observed in the
covariant parton model.67 It connects all T-even, chirally odd, leading twist TMDs,
1
2
[
h⊥q1L (x, pT )
]2
model
= − hq1(x, pT )h
⊥q
1T (x, pT ) . (11)
It can be used to make a particularly robust prediction. From (11) it follows that
hq1 and h
⊥q
1T must have opposite signs. Since on proton A
sin(φ−φS)
UT (π
+) ∝ h1⊗H
⊥
1 is
found positive,27 we conclude that A
sin(φ−3φS)
UT (π
+) ∝ h⊥1T ⊗H
⊥
1 should be negative.
For π− the situation is opposite. It will be interesting to see whether this prediction
will be confirmed in experiment. A
sin(φ−3φS)
UT could be measured at Jefferson Lab.
65
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Fig. 2. (a) The unpolarized functions f⊥u(x), fu
1
(x), eu(x) vs. x from the bag model at low scale.
(b) The polarized functions g⊥uT (x) = −h
⊥u
1T (x), g
⊥u
1T (x) = −h
⊥u
1L (x), h
u
1
(x), gu
1
(x) plotted vs. x.
(c) The polarized functions h⊥uT (x), g
⊥u
L (x) = −h
u
T (x), g
u
T (x), h
u
L(x) as functions of x. Distribution
functions of d-quarks are related to those of u-quarks by SU(6) spin-flavour symmetry.
5. Relations among TMDs in bag model
A question which emerges, when reviewing the quark model relations in Sec. 4, is:
how many relations among TMDs exist in quark models?
It would be interesting to formulate the general conditions which must be satis-
fied in a model, such that relations of the kind (9)–(11) hold. Before attempting this,
however, it is instructive to consider a specific quark model, and study all (T-even)
TMDs in this framework. For definiteness, we shall use here the bag model.71
Fig. 2 shows TMDs in the bag.71 Here we focus on relations. In the bag model,
there are 9 linear relations among the 14 (twist-2, 3) T-even TMDs, namely:
Dq f q1 (x, pT ) + g
q
1(x, pT )
bag
= 2hq1(x, pT ) (12)
Dq eq(x, pT ) + h
q
L(x, pT )
bag
= 2gqT (x, pT ) (13)
Dq f⊥q(x, pT )
bag
= h⊥qT (x, pT ) (14)
g⊥q1T (x, pT )
bag
= − h⊥q1L(x, pT ) (15)
g⊥qT (x, pT )
bag
= − h⊥q1T (x, pT ) (16)
g⊥qL (x, pT )
bag
= − hqT (x, pT ) (17)
gq1(x, pT )− h
q
1(x, pT )
bag
= h
⊥(1)q
1T (x, pT ) , (18)
gqT (x, pT )− h
q
L(x, pT )
bag
= h
⊥(1)q
1T (x, pT ) (19)
hqT (x, pT )− h
⊥q
T (x, pT )
bag
= h⊥q1L(x, pT ) (20)
where Dq =
Pq
Nq
with Pu =
4
3 , Pd = −
1
3 , Nu = 2, Nd = 1 as dictated by SU(6)
spin-flavor symmetry. It can be shown that there are no further linear relations in
the bag.71 Of course, Eqs. (12–20) represent just one way of writing down these
relations.
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Some comments are in order. Some of the relations were discussed previously
in literature. Relation (12) was discussed in its pT -integrated
87 and unintegrated
version,66 and (13) in its integrated version.88 Eqs. (15), (18) were reviewed in
Sec. 4, and (20) is a LIR. Of course, also all other T-even LIRs hold in the bag, as
it should be, see Sec. 3. Relations (14), (16), (19) were not mentioned previously in
literature, but the latter 2 hold in the spectator model.64
The relations (12)–(14) connect polarized and unpolarized TMDs. SU(6) sym-
metry is not sufficient for them to hold.64 Apparently, these relations require strong
model assumptions. From the point of view of model dependence, it is ’safer’65 to
compare relations which include only polarized TMDs. Relations (15)–(20) are of
this type, and indeed we find them supported in a larger class of quark models.
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 x f ⊥  vs.  WW-type
bag model
  
x
x f ⊥ u(x)
f1 u(x)
Fig. 3. xf⊥u(x) and fu
1
(x) vs. x. These
functions would be equal in a WW-type
approximation.
Another worthwhile commenting feature is
that the TMDs g⊥uL (x) = −h
u
T (x) are the only
ones, which have a zero in the valence-x region.
Actually, this feature is not surprising due to
the LIRs (6) and (7) but expected to hold in all
quark models where h
⊥(1)
1T (x) and g
⊥(1)
T (x) have
valence-like shapes with extrema in valence-x
region, as is the case in the bag model.
The bag model allows to test WW-type ap-
proximations, see Sec. 2. From QCD equations
of motion we have xf⊥q(x) = xf˜⊥q(x)+f q1 (x).
In that model the quarks are not free par-
ticles, but confined by the bag. Hence, one
cannot expect the pure-interaction-dependent
piece f˜⊥q(x) to be zero. The interesting ques-
tion is whether it is small or large.
Fig. 3b shows xf⊥u(x) in comparison to fu1 (x). The bag model roughly supports
this WW-type approximation at the low scale. It remains to be seen to which extent
the bag, which is a model for confinement, is capable to ’mimic gluons’ 87 and to
simulate the QCD interaction-dependent terms.
In the context of f⊥q(x) such an approximation plays an important role in the
interpretation45 of the EMC data on the azimuthal asymmetry AcosφUU in unpolarized
SIDIS24 as being due to the Cahn effect.7
6. Conclusions
We reviewed recent results from quark models on TMDs, with particular emphasis
on model relations among TMDs. Interestingly, there is a class of relations (’LIRs’)
which any consistent relativistic quark model must satisfy. The dynamics in quark
models certainly oversimplifies QCD. Nevertheless such approaches catch important
features of the nucleon properties. Whether this is also the case with the (LIRs =)
quark model relations (4)–(8) will be clarified by data.
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We also reviewed that in various models further relations among TMDs have
been found, which are not related to any (apparent) symmetry. We sketched how
such relations can be used to make robust predictions, robust in the sense that they
are supported by a large class of models. We presented first results from a complete
study of T-even (twist-2 and 3) TMDs in a bag model.
Although such quark model relations are appealing, especially in the context of
pretzelosity65 promisingly related to quark orbital momentum,69 one should keep
in mind that they break down in models with gauge-field degrees of freedom.68 Of
course, in QCD all TMDs are independent, and no relations exist.
At the same time, it is worth to recall that quark models have a long history
of successful applications in phenomenology. In spite of all their limitations, these
models do catch some key features of nucleon properties. This encourages to explore
quark73 or parton89 model approaches also in the context of TMDs.
Eventually, data will show to which extent such quark model relations hold in
nature. Until then models remain the important tool to skill our understanding of
non-perturbative properties of TMDs.
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Appendix A. The earlier analogs of LIRs
The earlier analogs of LIRs are the relations at twist-3 level91 providing the in-
dependence of physical observables on the specific choice of the light-cone vector
n−. These relations lead, in particular, to the Burkhardt-Cottingham sum rule and,
after neglecting the quark-gluon correlations,92, 93 to WW-relations.
Recently, n−-independence was generalized for the case of twist 3 contributions
to exclusive impact factors.94
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